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Abstract: 

We give a correction to the tunneling probability by taking into account the back reaction effect 
to the metric of the black hole spacetime. We then show how this gives rise to the modifications 
in the semiclassical black hole entropy and Hawking temperature. Finally, we reproduce the 
familiar logarithmic correction to the Bekenstein-Hawking area law. 

In 1975, Hawking discovered [1] the remarkable fact that black holes, previously thought 
to be completely black regions of spacetime from which nothing can escape, actually radiate a 
thermal spectrum of paticles and that the temperature of this radiation depends on the surface 
gravity of the black hole by the relation Th = This discovery was consistent with an earlier 
discovery [21 [3l HI [5] of a connection between black holes and thermodynamics which revealed 
that the entropy of a black hole is proportional to the surface area of its horizon, Sbh = 4- 
From this, using the second law of thermodynamics dM = ThcISbh, the temperature of the 
black hole can be calculated. This is actually due to an analogy between the second law of 
thermodynamics and the black hole equation dM = ^dA. These relations are all based on 
classical or semiclassical considerations. 

It is possible to include quantum effects in this discussion of Hawking radiation. Using the 
conformal anomaly method the modifications to the spacetime metric by the one loop back 
reaction was computed [U [7]. Later it was shown |8l |9j that the Bekenstein-Hawking area 
law was modified, in the leading order, by logarithmic corrections. Similar conclusions were 
also obtained by using quantum gravity techniques [TTl |T2]. Likewise, corrections to the 
semiclassical Hawking temperature were derived |7l[8]. 

A particularly useful and intuitive way to understand the Hawking effect is through the 
tunneling formalism as developed in [13]. The semiclassical Hawking temperature is very simply 
and quickly obtained \13\ |T3] in this scheme by exploiting the form of the semiclassical tun- 
neling rate. A natural question that arises in this context is the feasibility of this approach to 
include quantum corrections. Although there have been sporadic attempts |15^ ll6j a systematic, 
thorough and complete analysis is still lacking. 

In this paper we compute the corrections to the semiclassical tunneling rate by including the 
effects of self gravitation and back reaction. The usual expression found in [13], given in the 

E 

Maxwell-Boltzmann form e ^bh , is modified by a prefactor. This prefactor leads to a modified 
Bekenstein-Hawking entropy. The semiclassical Bekenstein-Hawking area law connecting the 
entropy to the horizon area is altered. As obtained in other approaches [HI I12j . the lead- 
ing correction is found to be logarithmic while the nonleading one is a series in inverse powers 
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of the horizon area (or Bekenstein-Hawking entropy). We also compute the appropriate mod- 
ification to the Hawking temperature. Exphcit results are given for the Schwarzschild black hole. 



Let us consider a general class of static, spherically symmetric spacetime of the form 

ds-' = -f^r)dt^ + ^ + r^dn^ (1) 

where the horizon r = r/i is given by f{rh) = g{rh) = 0. The metric has a coordinate singularity 
at the horizon which is removed by transforming to Painleve coordinates |17j . A suitable choice 

is dt ^ dt — J j(^r)g{r) Under which the metric takes the form, 



ds^ = -f(r)dt^ + 2f{r)J\-4^dtdr + dr"^ + r'^d^'^ 

V f[r)g{r) 

The radial null geodesies (ds^ = dO,"^ = 0) are given by 



1 - 9ir) ) (3) 

where the positive (negative) sign gives outgoing (incoming) radial geodesies. Now expanding 
the quantitis /(r) and g{r) about the horizon rh we get 

fir) = nrf,){r-rf,)+Oi{r-rhf) 

9{r) = g'{rh){r -rh) +0{{r -rhf) (4) 
The surface gravity of the black hole on the horizon is defined by 



/c(M) =r oo|.=., = 2i\/7(o^^W^Jl-'' 

Therefore using ^ K, and r can be approximately expressed as 

^ yf'{rh)g'{rh) (6) 

and 

"f"- ^\/ f'{rh)g'{rh){r - ry,) + 0((r - rhf ) 

= }C{M){r - m) + 0{{r - r^f) (7) 



where in the last step ([6]) has been used. 

The imaginary part of the action for an s-wave outgoing positive energy particle which crosses 
the horizon outwards from rj„ to rout can be expressed as, 

rr-out rrout rPr rrout rH dH' 

ImS = Im / prdr = Im / / dp'^dr = Im I I — —dr (8) 



where in the last step we multiply and divide the integrand by the two sides of Hamilton's equa- 
tion r = ^|r- Now taking into account the self-gravitation effects [18], the above integration 
can be expressed as, 

IraS = Im / / dr = —Im / / dr (9) 

Jr.r, Jm r Jr„, Jo r 
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where we used the fact that the Hamiltonian H = M — uj, with M being the original mass of 
the black hole. Here r can be approximated by ([7]) as follows, 

r 2:^ {r - rh)fC{M - u) + 0{{r - rhf) (10) 

where rh is the modified Schwarzschild radius and /C(M — w) is the modified horizon surface 
gravity. This modification occures due to two effects; self-gravitation which requires the replace- 
ment M ^ M — UJ so that /C(M) 1C{M — uo) and back reaction to be discussed below. Taking 
only the first order term of r, the integration in ([9]) can be written as, 

ImS = —Im / / , ,^ , , ^ —dr (11) 

Jnn Jo {r-rhMM -Lo') ^ ' 

But now the integration over r can be done by deforming the contour. Ensuring that the positive 
energy solutions decay in time (i.e. into the lower half of uj' plane and Vin > rout) we have after 
r integration 0, 

A derivation of (|12|) . to the leading order in u, following similar techniques has been presented 
in \19\ I20j . In fact if we expand retaining terms linear in ui', we immediately find, 

ImS = vr/;^.'[^ + O(.0 

+ OiLJ^) (13) 



/C(Af) 

2lTL0 



Vf'{rh)g'{rh) 

which is the expression given in }19l I20j . In getting the final form the value of IC{M) from ([6]) 
has been used. 

Now the modified surface gravity due to one loop back reaction effects is given by [6l [7] , 

/C(M)=/Co(M)(l + ^) (14) 

where /Co is the classical surface gravity at the horizon of the black hole. Such a form is dictated 
by simple scaling arguments. As is well known, a loop expansion is equivalent to an expansion 
in powers of the Planck constant H. Since, in natural units, Vh = Mp, the one loop correction 
has a form given by The constant a is related to the trace anomaly coefficient taking into 
account the degrees of freedom of the fields [71 [8] . Its explicit form is given by [8j , 



1 / 7_ 233 



a 



3607rV "42 "4 

where A'^g denotes the number of fields with spin 's'. 
For the classical Schwarzschild spacetime 



- A'o - -A^i + 13A^i + A^3 - 212A^2) (15) 



2M 

f{r)=g{r) = l ; = 2M (16) 

r 



and so by equation ([6]) the value of ICo{M) is 



similar treatment can be done by taking the contour in the upper half plane but then one has to replace 
M ^ M + w [TS]. 
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Substituting these in (|12|) and then integrating over w' we have 



ImS = A-KUj{M - -^) + 2vra In 



(18) 



-{M -ujf + a- 
- M2 + a . 

Now according to the WKB-approximation method the tunnehng probabihty is given by, 

r ~ e-^^""^ (19) 
So the modified tunnehng probabihty due to back reaction effects is, 



r 



1 



M2 + 



a 



-Ana 



(20) 



The exponential factor of the tunnehng probability was previously obtained by Parikh and 
Wilczek [13]. The factor before the exponential is actually due the effect of back reaction. It will 
eventually give the correction to the Bekenstein-Hawking entropy and the Hawking temperature 
as will be shown below. 

It is known [13\ [2T\ [22] that change in the Bekenstein-Hawking entropy due to the tunneling 
through the horizon is related to ImS by the following relation, 



ASbh = -2ImS 

Therefore the corrected change in Bekenstein-Hawking entropy is 



(21) 



ASbh = -Moj{M 



Next using the stability criterion 
condition 



Ana In 



dii) 



{M-Lof + a + 47ra ln(M2 a) (22) 
for the black hole, one obtains the following 



(w - MY 







(23) 



which gives the only solution as u; = M. Substituting this value of m in (122p we will have the 
change in entropy of the black hole from its initial state to final state. 



S final - Sinitial = -AtiM"^ + Ana In ( h 1) 

a 

So the Bekenstein-Hawking entropy of the black hole with mass M is 



Sbh 



Ana ln( h 1 



a 



(24) 



(25) 



Ignoring back reaction (i.e. q = 0) we just reproduce the usual semiclassical area law [2l[3llll[5] 
for the Bekenstein-Hawking entropy, 

Sbh = 47rM2 = ^ 
where A is the of the black hole horizon given by. 



A = Attth = levrM^ 

Substituting (126p in ()25p and expanding the logarithm, we obtain the final form, 

A 



(26) 
(27) 



SvralnM - 647r^a^ 



1 levTQ {IQiTof 
'a ~ YA^ ^ 3^3 



-|- const. (independent of M) 

levr^a^ 

= Sbh - 47ra In Sbh 



Sbh 

+ const. (independent of M) 



(Ana) ^ (47ra)^ 



2Sbh 3{Sbh? 



(28) 
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The well known logarithmic correction [SJ [HI [TUl \TT\ [n\ appears in the leading term. Quantum 
gravity calculations lead to a prefactor — ^ for the In Sbh term which would correspond to 
choosing a = Also, the nonleading corrections are found to be expressed as a series in 
inverse powers of A{ov Sbh), exactly as happens in quantum gravity inspired analysis [T2 ] . 
Now using the second law of thermodynamics 

ThdSbh = dM (29) 

we can find the corrected form of the Hawking temperature T/j due to back reaction. This is 
obtained from ([25]) 

1 dSbh , M' 



Th dM \M^ + a 

Therefore the corrected Hawking temperature is given by 

where Tjj = g^pjj is the semiclassical Hawking temperature and the other term is the correction 
due to the back reaction. A similar expression was obtained previously in [8] by the conformal 
anomaly method. 

It is also possible to obtain the corrected Hawking temperature (j3ip in the standard tunneling 
method to leading order [13] where this temperature is read off from the coefficient of 'w' in the 
exponential of the probability amplitude ([20|) . Recasting this amplitude as, 

and retaining terms upto leading order in uj, we obtain, 

r ~ e ^M^+a' 

= e~^^^' =e~^. (33) 

The inverse Hawking temperature, indentified with the coefficient of 'w', reproduces ()3ip . 

It is also observed that the usual (semiclassical) identification between the surface gravity 
and Hawking temperature Th = ^°2^^ persists even after including the back reaction. From 
([Till and (f3T]) we easily infer that Th = '^2^^ ■ 

To conclude, we have considered self-gravitation and (one loop) back reaction effects in tun- 
neling formalism for Hawking radiation. The modified tunneling rate was computed. From this 
modification, corrections to the semiclassical expressions for entropy and Hawking temperature 
were obtained. Also, the logarithmic corrections to the semiclassical Bekenstein-Hawking area 
law was reproduced. Although our analysis was presented for the Schwarzschild black hole, it is 
general enough to include other examples as well. 
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